It is the aim of the paper to present a new point of view on rotational elasticity in a nonlinear setting using orthogonal matrices. The proposed model, in the linear approximation, can be compared to the well-known equilibrium equations of static linear elasticity. An appropriate kinetic energy is identified, and we present a dynamical model of rotational elasticity. The propagation of elastic waves in such a medium is studied and we find two classes of waves, transversal rotational waves and longitudinal rotational waves, both of which are solutions of the nonlinear partial differential equations. For certain parameter choices, the transversal wave velocity can be greater than the longitudinal wave velocity. Moreover, parameter ranges are identified where the model describes an auxetic material. However, in all cases the potential energy functional is positive definite. Finally, we couple the rotational waves to linear elastic waves to study the behaviour of the coupled system. We find wave-like solutions to the coupled equations and can visualise our results with the help of suitable figures.
Introduction
We are developing a theory of rotational elasticity based on using orthogonal matrices as the basic dynamical variables. Let us consider a three-dimensional elastic continuum, occupying an open connected set ⊂ R 3 or the whole of R 3 , whose material points can only experience rotations and no displacements for now, they will be added later. Our Euclidean space is assumed to be equipped with Cartesian coordinates x = (x, y, z). To every point x ∈ R 3 we attach an orthonormal basis {e 1 , e 2 , e 3 }. In the initial state these basis vectors are assumed to be aligned with our Cartesian coordinate axes, i.e. (e i ) j = δ ij , but will become functions of x and time t once the continuum is deformed.
Models of this type have in fact a long tradition. One such model has first been introduced by MacCullagh in 1839 (see [1] ). He noted that it was not possible to describe optical phenomena by comparing the aether with an ordinary elastic solid. He thus introduced a new type of medium whose potential energy depended only on rotations. Similar models have been investigated by the Cosserat brothers which resulted in an extended framework of elasticity [2] , often referred to as Cosserat elasticity. The main difference between Cosserat elasticity and classical elasticity is the assumed independence of displacements and rotations, often referred to as microrotations. When formulating an energy functional of classical elasticity, one assumes the integrand not to depend on the derivatives of rotation. It is well known that rotations about different axes do not commute, and thus we expect an inherently nonlinear theory, a similar investigation in a linearised setting was discussed by Natroshvili et al. [3] [4] [5] . The previous decade brought some revival of the study of Cosserat elasticity. The first existence result in the nonlinear setting [6] motivated various investigations which led to a variety of new results (see [7] [8] [9] [10] [11] [12] [13] [14] [15] ). The existence result is based on a careful study of coercivity and an extended Korn inequality [6, [8] [9] [10] 13] .
Variants of the theory of Cosserat elasticity appear under various names in modern applied mathematics literature, such as oriented medium, asymmetric elasticity, micropolar elasticity to mention a few popular ones (see e.g. [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] ).
This field is also related to the theory of granular media, ferromagnetic materials, cracked media and liquid crystals to mention a few of them. There has also been an interest in the theory of Cosserat elasticity from a more theoretical physics point of view, see [36] [37] [38] [39] [40] [41] [42] [43] [44] .
Statement of the static problem
In this section and the next we consider rotational deformations of the continuum and neglect displacements, these will be added in Section 4. We assume that every material point can experience an independent rotation e i → Q(x)e i , i = 1, 2, 3, where Q(x) denotes the field of orthogonal matrices, Q T Q = QQ T = I where Q T denotes the transpose and I the identity matrix. We consider orthogonal matrices with det Q = +1. The most general potential energy functional of such a static continuum is thus taken to be
where ∂Q (∂ 2 Q, . . .) denotes the first (second, . . .) partial derivatives of Q. The matrix-function Q(x) is the unknown quantity, our dynamical variable.
From a differential geometric point of view we are considering a Riemannian manifold whose metric is defined in the following way
Here i and j are coordinate (an-holonomic) indices while the indices m and n denote the tangent-space (holonomic) or frame. In other words, we view the orthogonal matrix Q mi as the tetrad of the manifold (see also [45] ). We made the choice in Q mi that the first index m denotes the frame and second index i denotes the coordinate.
Our manifold is considered to be globally flat, and thus the manifold and its tangent space will both be isomorphic to R 3 . Thus, we do not have to distinguish the two types of indices explicitly in most of what follows, except when discussing left-invariance and right-invariance since both concepts operate in different spaces.
Basic equations of the static model
The general framework (1) of our rotational elasticity model is very wide. Hence, as a first step we identify a suitable subclass of variational functionals which is of mechanical and physical interest, and which is invariant under rigid rotations. This means the mapping Q →ŌQ, whereŌ is a constant orthogonal matrix, leaves the variational functional invariant. This means we use multiplication from the left to define invariance under rigid rotations. From the differential geometric point of view, we assume that rigid rotations of the frame (the first index of Q, thus multiplication from the left) leave the variational functional invariant. This is referred to as frame-indifference.
Possible deformations of our elastic medium are characterised by the quantity
where we sum over repeated indices. We could also write this as K j := Q T ∂ j Q, thereby suppressing the matrix indices (see also [46] ). Had we defined our invariance under rigid rotations by multiplication from the right, we would have to consider the object Q∂ j Q T instead. Let us next consider right-multiplications Q → QŌ or Q mi → Q mjŌji . In this case the rigid rotationŌ acts on the coordinate index (the second, thus multiplication from the right). If the coordinates are rotated, we must also take into account that x →Ōx which gives dx →Ōdx and ∇ →Ō −1 ∇ =Ō T ∇.
Then the tensor K transforms as follows
Therefore, we see that the tensor K is frame-indifferent and transforms covariantly under rigid rotation from the right (see also [47, 48] ).
In the context of Cosserat elasticity, this quantity K ijk is sometimes referred to as contortion [41, 42] (see also [49, 50] ). This particular form of the contortion tensor gives rise to a globally flat or teleparallel space (see for instance [37, 51] ). Note that K ijk is, by definition, skew-symmetric in the first and third index,
Therefore, K has 9 independent components. The tensor K is related to the matrix Q T CurlQ which is of importance in the context of Cosserat elasticity (see for instance [11, 46] ). Their relation is easy to derive, one finds
In order to construct a suitable energy functional based on K, it is useful to decompose it into its three irreducible components. There are only three irreducible pieces since K is skew-symmetric in one pair of indices. We can take the trace over two indices which gives us a vector, or we can contract K with the Levi-Civita symbol which gives a pseudo-scalar
One can verify that V and A have the correct transformation properties due to (4), this means V transforms like a vector under rigid rotation from the right and A like a pseudo-scalar. Using the above, we arrive at
which is related to the classical Cartan decomposition of GL(3). This follows from the observation that we can view ε imn K mjn as a 3 × 3 matrix. The piece K
ijk , which has five independent components, is closely related to the so-called Q-tensor of the Landau-de Gennes theory of uniaxial nematic liquid crystals (see [52, 53] ). The Q-tensor is symmetric and traceless, thereby having five independent components. However, in addition the Q-tensor has two equal eigenvalues. The elastic energy density in this theory is based on elastic invariants constructed from the irreducible components of the first partial derivatives of Q. In our model this corresponds to ∂ 2 Q, the second partial derivatives of Q. Therefore, our general potential energy (1) is sufficiently wide to cover a large variety of materials.
A natural starting point would be to consider a functional of the type
where c 1 , c 2 and c 3 are positive constants, and it would be tempting to regard those as elastic moduli. However, following the notation of Jeong and Neff [13] we will refer to these as torsion moduli, opposed to curvature moduli to emphasise their geometric origin in our approach. By construction, the irreducible components of K are left-invariant and due to (4) transform covariantly. Therefore, the energy functional (6) based on quadratic combinations of irreducible components is right-invariant.
A similar functional was considered in [36] to formulate a unified field theory for mesons. Moreover, we denote the norm by
ijk where a = 1, 2, 3 and no summation over a. Note that a similar functional has been considered in the context of Cosserat elasticity [13] .
The term K (1) 2 deserves some special attention. This is precisely the object considered in Chervova and Vassiliev [43] and Burnett and Vassiliev [44] which eventually gives rise to the Dirac equation. The main motivation to consider this term is its conformal invariance; the Dirac equation is well known to be invariant under conformal transformations. In this context a conformal transformation is a mapping g ii → g ij where g ij is the metric of the (curved) Riemannian manifold and is an arbitrary scalar function. One can argue that in the approach used in this paper, the irreducible pieces of the (Hodge dual) contortion tensor appear naturally. Therefore, if one aims to work with a conformally invariant object, K
(1) 2 is the natural choice. On the other hand, a conformally invariant curvature energy in the context of Cosserat elasticity is also of great interest and has been studied by Jeong et al. [65] , Neff and Jeong [11, 13] and Neff et al. [15] . In this case it turns out that the term K (3) 2 is invariant. Conformal invariance is less restrictive in this case as the entire formulation is based on three-dimensional Euclidean space.
The three elastic moduli are not fully independent when one works in the whole of R 3 because of the following identity. One can show that
jji .
This identity has its roots in differential geometry (see equation (5.9.18) in [54] where it is expressed in terms of a rank 3 tensor). Of course, when has a boundary, the above argument fails and the identity (7) leads to the appearance of boundary terms. One can regard K as an affine connection on a globally flat Riemannian manifold with curvature and torsion. Alternatively, one can work with the torsion tensor T directly [55] , which is defined by T jkl := K jkl − K jlk . The definition of the Riemann curvature tensor involves derivatives of the connection and contraction of the connection with itself. The vanishing of the Riemann curvature tensor is then equivalent to (7) . Note that the vanishing of the Riemann curvature tensor is also often used in classical elasticity, since one assumes that the distorted medium remains flat, thus implying certain compatibility conditions. Next we can rewrite K (3) 2 in the energy functional V 1 in terms of the other two terms and a surface term which will not alter the resulting equations of motions. This results in the functional
Basic equations of the linearised model
It is known that every orthogonal matrix Q can be written as the exponential of a skew-symmetric matrix. It turns out to be convenient to analyse the nonlinear equations and their relation with linear elasticity by writing Q = exp(ω ). We denote by ω the skew-symmetric matrix dual to the vector ω. This means (ω ) ik = ε ijk ω j or, written out explicitly,
In other words, rather than using elements of the group Q ∈ SO(3) as the dynamical or state variables, we are using elements of its Lie algebra ω ∈ so(3) (see [13] where this approach is used in linear Cosserat elasticity). It should be noted that there exists a simple expression for the matrix Q which is sometimes referred to as Rodrigues's formula
We can expand the orthogonal matrix in ω and obtain
where ω 2 denotes the standard vector norm
z . This results in
and therefore in the linearised setting we have
We should note that ∂ j ω m is nothing but the matrix ∇ω. In Neff and Jeong [11, 13] and Neff et al. [15] , for instance, the rotational part of the Cosserat medium is modelled using the skew-symmetric infinitesimal microrotationĀ ∈ so(3) (ω in our notation) which is used to define the micropolar curvature tensor or curvature-twist tensor ∇axlĀ (ε mjk K jnk /2 or ∇ω in our notation). This allows us to identify our coupling constants c i with the micropolar moduli of these works [11, 13, 15] as follows
provided we consider the linearised equations of our model. Let us now assume ω to be small and let us expand the terms in the functional (6) up to terms O( ω 3 ). This gives
It is also useful to consider the right-hand side of (7) which becomes
which is consistent with the identity (7). Therefore, in the linear approximation the energy functional (8) becomes
where we denoted α = 2ĉ 1 /3 and β =ĉ 2 . Comparison with equation (3.9) of Jeong and Neff [13] shows that necessary and sufficient conditions for strict Legendre-Hadamard ellipticity of (8) are simply α > 0 and β > 0. Variation of the quadratic functional (11) with respect to our independent (dynamical) variable, the components of ω , yields
which after integration by parts and using Gauss's theorem gives
To simplify matters, we assume Dirichlet boundary conditions and henceforth neglect the boundary term. This gives us the Euler-Lagrange equations
This system of equations has already been known by Cauchy and led to modifications due to MacCullagh and also Neumann, we refer the reader to Whittaker [1] . The vector identity curl curl ω = grad(div ω) − ω enables us to rewrite the Euler-Lagrange equations in the form
Comparing with the well-known equilibrium equations of linear elasticity μ ω + (μ + λ) grad(div ω) = 0, we would relate β = μ and α = λ + 2μ to get a corresponding theory. This analogy is useful when trying to interpret the fully non-linear theory. Note that the equilibrium equations of linear elasticity are derived from the functional
where we denote e ij = (∂ i u j + ∂ j u i )/2 (see [56] [57] [58] ). It should be noted here that parts of the second term of the functional can be found in the right-hand side of the derivative term (10) . Another interesting fact of linear elasticity is that not all the irreducible pieces of the matrix ∂ i u j are regarded as the fundamental building blocks of the potential energy functional. The skew-symmetric part, namely the (macro) rotations, are in general not part of the potential energy. It is the aforementioned Cosserat theory of elasticity which incorporates local rotations of material points. The functional (13) is obviously positive definite if the elastic moduli λ and μ are assumed to be positive. Similarly, the functional (11) is also positive definite provided that α and β are positive. Therefore, when comparing the nonlinear functional (8) , which is positive definite provided c i > 0 for i = 1, 2, 3, with the linear elasticity functional (13), we are led to identify
This immediately suggests that Poisson's ratio for our rotational medium may not be between −1 and 1/2 and, moreover, that the transverse wave velocity may be greater than the longitudinal wave velocity. By straightforward comparison we find the rotational analogues for Poisson's ratio ν and Young's modulus E, respectively
(See also [13] .) Thus, by choosing the constants c i > 0 appropriately, it is possible to define materials with negative Poisson's ratio, also known as auxetic materials (see [59] ). For ordinary materials with positive Young's modulus E > 0 and positive Poisson's ratio in the range ν ∈ (0, 1/2), our positive constants have to satisfy c 1 > 3c 2 + c 3 . An auxetic material with ν ∈ (−1, 0) is realised when 2c 2 < c 1 < 3c 2 + c 3 . Moreover, the constants c i > 0 can also be chosen so that the analogous linearised functional (13) is not positive definite while the nonlinear theory in fact is. This fact is important when stability is investigated.
The equilibrium equations of our rotational elasticity theory are derived from an energy functional. Therefore, the nonlinear model is automatically a quasilinear, second-order PDE system in divergence form [60] . A natural topic to address is the convexity of the potential energy. For the linearised model (11) one can immediately verify that the functional is coercive, independent of ω and convex in ∂ω. Thus, existence and uniqueness of the linearised Dirichlet boundary value problem are established in appropriate function spaces. In the nonlinear setting, the issue of existence and uniqueness is quite subtle and requires a careful investigation. Existence results in nonlinear Cosserat elasticity can be found in Neff [6, 8, 9 ], Neff and Forest [10] and Jeong and Neff [13] .
Identifying kinetic energy
So far our model of rotational elasticity has been static. The next logical step is to introduce kinetic energy into the energy functional (8) . To do this, we add a term of the form Q 2 to the energy functional. To be consistent with our previous notation, we have
which is invariant under rigid rotations. If we now linearise this form of kinetic energy according to equation (9), we find
Note that one regards Q as angular speed (modulus of the angular velocity vector) and ρ Q 2 as rotational energy or angular kinetic energy, where ρ is the energy density of the medium.
Statement of the full problem
After identifying the kinetic energy, we can now formulate the complete variational functional of rotational elasticity in our setting. Let us find a skew-symmetric matrix ω such that Q = exp(ω ) the variational functional or action is stationary
where T := × (0, T] with T > 0. We assume Dirichlet boundary conditions, namely Q = I on ∂ . When is the whole of R 3 we assume Q → I as |x| → ∞, which is equivalent to assuming that the skew-symmetric matrix ω → 0 at the boundary. In certain situations appropriate radiation conditions have to be taken into account.
At this point it worth emphasising some important differences between the current work and work by Böhmer et al. [55] . In the latter, the entire Lagrangian is multiplied by a density, thereby working with a fluid rather than an elastic medium (see equation (4.18) in [55] ). This density is also regarded as a dynamical degree of freedom. Thus, variations with respect to this density will force the Lagrangian to be zero as it has the same effect as a Lagrange multiplier. Therefore, the full problem (16) is a dynamically distinct model, which has also been studied by Böhmer and Obukhov [45] , where it was shown that soliton-type solutions exist and that these have a topological origin.
Propagation of rotational waves

Assumptions of the model
We are now discussing solutions to the fully nonlinear problem. The explicit equations are very complicated expressions. However, it is possible to state those equations symbolically (see Section 2(d) of [45] ). It turns out that these equations can be simplified considerably by a variety of assumptions which we will explain in the following.
As a first simplifying assumption, we consider a medium which can only experience rotation about one axis, the z-axis say. This means we can assume
where ϕ = ϕ(x, y, z, t) is an arbitrary function of the three spatial variables and time. This choice for ω means that ω x ≡ 0 and ω y ≡ 0 in equation (9), and thus divω = ∂ x ω z . To further simplify the problem, we follow the well-known approach of classical elasticity [56] . Note the interesting twist waves in liquid crystals analysed in Ericksen [61] .
• Transversal rotational waves: We assume that the medium is homogeneous along the single axis of rotation; this means the z-axis. Thus, we restrict ourselves to ϕ = φ t (x, y, t), which corresponds to the choice div ω ≡ 0.
• Longitudinal rotational waves: By choosing ϕ to depend only on the z-coordinate and time, ϕ = φ l (z, t), we effectively set curl u ≡ 0.
We will use this approach to find rotational waves propagating through the elastic medium.
The Helmholtz equation
In general, since the matrix ω has three independent components, the variation with respect to its components yields three coupled second-order PDEs. Using the above ansatz for the transversal and longitudinal rotational waves, two of the three equations are identically satisfied, respectively, and the remaining equations become
respectively. It is remarkable that these equations are linear; however, we did not linearise the full equations at any point. It is our ansatz that makes the nonlinear terms disappear. Therefore, in our elastic medium we find two types of rotational waves. Due to the nonlinear nature of the equations, φ = φ t + φ l is not a solution of the Euler-Lagrange equations. As expected, the superposition principle does not hold.
The transversal rotational waves travel in the x-y planes and are homogeneous along the z-axis while the longitudinal rotational waves travel along the z-axis only. The corresponding wave velocities are given by
with their ratio given by
The requirement of real wave speeds implies the conditions c 2 + c 3 > 0 and c 1 + 2c 3 > 0, (see [13] and the remark after equation (8)). It is a well-known fact in classical elasticity that the wave velocity of the longitudinal waves is always greater than the transversal wave velocity. This does not hold in our rotational elasticity model. For an ordinary material we found c 1 > 3c 2 + c 3 . Inserting this into (19) the ratio of the velocities becomes
which is in agreement with the corresponding equations of classical elasticity. On the other hand, for an auxetic material 2c 2 < c 1 < 3c 2 + c 3 , and thus
These considerations show that our rotational elasticity model shares many features with well-known classical elasticity; however, it also contains many new interesting features.
Visualising transversal rotational waves assuming planar symmetry
If we are now separating variables and assume
we obtain
the Helmholtz equation and the dispersion relation for the medium. The Helmholtz equation is a well-understood equation within the theory of PDEs. However, we will further simplify our model. Note that, as expected, the function φ ≡ const. solves these equations, and hence it is natural to regard this solution as the ground state where all material points of the medium are aligned.
In addition to assuming rotations about the z-axis only and homogeneity along the axis of rotation, we will now also specify a point in the plane orthogonal to the axis of rotation, the x-y plane. This means, we are assuming rotational symmetry in the x − y plane, we write φ(x, y, z) = e iωt v(r) with r 2 = x 2 + y 2 . The nonlinear problem now reduces to a single ordinary differential equation which is given by
and is solved by a linear combination of Bessel functions of first and second kind. We require the solution to be regular at r = 0, therefore choosing one constant of integration to eliminate the Bessel function of second kind. We are left with the solution
where v 0 = v(0) and J 0 denotes the Bessel function of first kind. This solution of rotational elasticity can now be visualised in the following manner. Let us attach to every material point in the medium an arrow to indicate its orientation. This is the practical realisation of attaching an orthonormal basis to every point in space. The choice φ ≡ 0 corresponds to the situation where all arrows are parallel to the x-axis, which means that the medium under consideration is assumed to be aligned. We choose ω 2ρ/(c 2 + c 3 ) = 1 and ω 0 = π, where the latter means that we rotate the central material point by a half turn. Thus we investigate the effect of the resulting rotational wave on the rest of the medium. The medium in its ground state φ ≡ 0 in shown in the left panel of Figure 1 , while the distorted medium is shown in the right panel.
Interaction of elastic and rotational waves
The propagation of rotational waves shows some similarities with the well-known propagation of elastic waves [56] . In the following, we will consider the coupling of both wave types. Recall that the energy functional for linear elasticity is given by
where e ij = (∂ i u j + ∂ j u i )/2 and u is the usual displacement vector. For concreteness we repeat (16)
Wave propagation in unbounded continua with microstructure has also been studied recently in Madeo et al. [62, 63] . 
Interaction terms and the full coupled problem
In order to propose meaningful interaction terms, it makes sense to only combine terms of the same irreducible spaces. The energy functional for linear elasticity (26) contains as irreducible pieces, a trace e ii and a trace-free symmetric rank 2 tensor e ij − 1/3e kk δ ij . Therefore, these terms can be coupled to the terms K (1) and K (3) of the rotational energy functional (26), respectively. The energy functional for the interaction is thus given by
where we neglected all possible interaction terms of higher than second order.
In an analogy to Section 2.4, we can now formulate the complete variational problem in our setting. Let us find a vector u and a skew-symmetric matrix ω such that u and Q = exp(ω ) the variational functional or action is stationary (29) with appropriate boundary conditions, and possibly taking into account radiation conditions when needed. Since the functional (29) contains six dynamical degrees of freedom, there are in total six coupled nonlinear EulerLagrange equations. We explicitly constructed some plane wave solutions of the rotational waves, and we know that similar solutions exist for elastic waves. As the full set of equations is very complicated, we will restrict our investigation to situations where both types of waves are either transversal or longitudinal. This allows us to construct explicit solutions which contain some very interesting features.
Let us briefly comment on the possible coupling term
where μ c is the so-called Cosserat couple modulus (see [8, 9, 64] ). In our approach to Cosserat elasticity, this term is rather unnatural. It would involve the quantity Q (ω when linearised) directly, instead of its derivatives which we use as the building blocks of the model. Moreover, our basic quantity K was chosen to be invariant under rigid rotations. Therefore any coupling term involving Q has to be constructed very carefully in order to ensure its invariance.
Transversal-transversal coupling
Let us begin with assuming that the elastic medium can only experience rotation about the z-axis. Moreover, we assume that the medium is homogeneous along this axis of rotation, this means we can write ω x ≡ 0, ω y ≡ 0, and ω z = φ(x, y, t). Analogously, we assume that our medium can only experience displacements along the axis of rotation. Homogeneity of those displacements implies that u x ≡ 0, u y ≡ 0, and u z = ψ(x, y, t). One easily verifies that indeed divω = 0 and divu = 0. These assumptions simplify the Euler-Lagrange equations considerably. Four of the six equations are identically satisfied and one is left with two equations
The absence of the coupling constant χ 1 is expected, as the corresponding term in (28) identically vanishes due to our assumptions. This set of coupled equations can be written conveniently in matrix form
where we used the symbol for the two-dimensional Laplacian. Let us denote the matrix on the right-hand side of (32) by M. We note that the entries of M are all constants. Clearly, in the limit of no coupling χ 1 → 0, the waves do not interact and their respective waves speeds are given by (c 2 + c 3 )/(2ρ rot ) and √ μ/ρ, respectively, which is the expected result.
Let us denote by S the matrix of eigenvectors of M. Then we can diagonalise the coupled system (32) by writing
where by construction (S −1 MS) is a diagonal matrix whose entries are the eigenvalues of M. Thus, by linearly combining the elastic and rotational waves, one finds two coupled waves which behave like ordinary plane waves. The explicit form of these solutions is quite involved; therefore we will only state explicitly the wave speeds of the coupled waves. They are given by
It is interesting to note that
so that we can conclude that the sum of the wave speeds of the two coupled waves equals the sum of the wave speeds of the original uncoupled waves. This is expected as energy in the medium is conserved. Therefore, we can interpret this interaction by saying that one of the waves is speeding up while the other one slows down by an equal amount. The wave velocities (34) become most insightful if we consider χ 3 to be much smaller than one and perform an expansion about χ 3 = 0. In this case, we find
Let us denoteχ = χ 
We can now provide a neat interpretation for the coupled waves. The +-wave corresponds to the rotational waves in the limit χ 3 → 0. If, v rot < v elas the coupling of the two waves has the effect of slowing down the rotational wave and speeding up the elastic waves which corresponds to the −-wave. In the other case when v rot > v elas , it is the rotational waves which become faster and the elastic waves which slow down. This means that whichever wave travels faster, before any couplings are introduced, will get even more energetic due to the couplings and vice versa. It should be noted that the case v rot = v elas does not result in any problems. The divergent denominators in (38) and (39) are an artifact of the expansion about χ 3 = 0. Equation (34) is well defined in this case, and the respective wave speeds depend already linearly on χ 3 as the first term in the square root vanishes.
Longitudinal-longitudinal coupling
In an analogy with the previous subsection, we will now study the case where both waves are longitudinal. In this case we assume ω x ≡ 0, ω y ≡ 0, ω z = φ(z, t) and u x ≡ 0, u y ≡ 0, u z = ψ(z, t), so that curlω = 0 and curlu = 0. As before, four of the six equations are identically satisfied and we are left with the following two equations
which can be written as
As in the above, suitable linear combinations of the two elastic waves give plane waves. Their wave speeds are determined by the eigenvalues of the matrix (42) which are given by
Inspection of the last term in the square-root of (43) shows that there exists a particular parameter choice χ 1 = 2χ 3 /3 for which the waves speeds are unchanged. In this case, both coupling terms in the energy functional (28) take the same form under the assumption that both waves are longitudinal. Therefore, this cancellation is not unexpected. Figure 2 shows one possible visualisation of the rotational and the elastic wave for this case. We show one period of oscillation, one can see that different periodic motion exists for the rotational and also for the elastic wave.
Let us assume that the coupling (3χ 1 − 2χ 3 ) is much smaller than one and let us denote v rot = (c 1 + 2c 3 )/(3ρ rot ) and v elas = (λ + 2μ)/ρ. Then, we find where we also usedχ = (3χ 1 − 2χ 3 ) 2 /(9ρ rot ρ). The effects of the coupling in the case of longitudinal waves is very similar to that of transversal waves. As in the above we find that whichever wave travelled faster before any couplings were introduced will have its wave speed increased.
Transversal-longitudinal coupling
The last coupling we are considering is the case where the rotational wave is transversal and the elastic displacement wave is longitudinal. We assume ω x ≡ 0, ω y ≡ 0, ω z = φ(x, y, t) and u x ≡ 0, u y ≡ 0, u z = ψ(z, t) so that divω = 0 and curlu = 0. Unlike in the previous two cases, only two of the six equations are identically satisfied, and we are thus left with four equations. Of these four equations, two correspond to propagation equations (the coupled wave equations), while the remaining two equations impose strong constraints on the solutions. However, for the specific choice of coupling constants χ 1 = −χ 3 /3, these equations are identically satisfied and place no additional restrictions on the possible solutions. In this case, the remaining two equations are given by
which, as before, can be written in the convenient form
As in the previous couplings, we can diagonalise the problem and identify two waves which in the limit of no coupling will reduce to the rotational and elastic waves, respectively. One easily verifies that it is again the faster wave which acquires additional energy due to the coupling. The most interesting aspect of this coupling is the necessity to impose a condition on the two coupling constants χ 1 and χ 3 in order to satisfy additional equations. The longitudinal-transversal coupling case is similar. In this case the coupling depends on the constants χ 1 and χ 3 , but the additional constraint equations force χ 3 = 0. This leads to unchanged wave velocities, and we could not find simple interacting wave type solutions.
Conclusions and discussions
A new point of view was introduced to model rotational elasticity in a nonlinear setting using orthogonal matrices as the unknown variables. This follows the approach successfully taken in Böhmer and Obukhov [45] where soliton-like solutions were found. We showed how this theory can be related to classical elasticity and identified parameter ranges, where the rotational medium would correspond to an auxetic material. After identifying the most general energy functional of this model, two types of plane wave solutions were constructed analytically; they are solutions of the nonlinear Euler-Lagrange equations. These waves correspond to transversal rotational waves and to longitudinal rotational waves. Similar waves were found in Böhmer and Obukhov [55] using similar ideas but a different model. It is interesting that in our rotational setting the transversal wave velocity can be greater than the longitudinal wave velocity.
We coupled the rotational elasticity to linear elasticity describing displacements and searched for plane wave solutions of the coupled model in the fully non-linear setting. We were able to find various types of solutions by assuming that the rotational and displacement waves were either transversal or longitudinal, respectively. Figure 2 visualises the plane wave solutions in the case where both waves are longitudinal. It will be interesting to study the proposed model further and in particular to investigate the existence of soliton-like solutions in the presence of couplings between rotations and displacements.
We would like to briefly refer to Neff and Jeong [11] , where the authors call for deeper differential geometric insight to motivate a conformally invariant curvature term. Our approach is entirely based on differential geometry; the energy functional (6) is the most general which can be constructed from the contortion tensor. It happens that one of these three irreducible parts is invariant under conformal transformations, it is precisely that term which is studied in the context the Dirac equation in Burnett et al. [40] , Chervova and Vassiliev [43] and Burnett and Vassiliev [44] and also in the context of Cosserat elasticity in Neff and Jeong [11, 13] and Neff et al. [15] . It is most surprising that the same object features in two such distinct fields of research. It appears to be worthy to study conformally invariant geometries in three dimensions in more detail. Using an arbitrarily deformed medium and studying the behaviour of the Cotton tensor (the vanishing of the Cotton tensor is the necessary and sufficient condition for the manifold to be conformally flat, similarly to the Weyl tensor in dimensions ≥ 4) might shed some light on these interesting issues. In Böhmer and Obukhov [45] where soliton-like solutions were found, it was shown that these solutions have a topological soliton. There seems to be a hidden connection between Cosserat elasticity and differential geometry.
